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Abstract

We discuss compactness, blow-up and quantization phenomena for the
prescribed Q-curvature equation (—A)™uy, = Vie?™“F on open domains
of R?™. Under natural integral assumptions we show that when blow-up
occurs, up to a subsequence

lim Vk€2muk dl’ = LA17

k—oo Q0

where €y CC 2 is open and contains the blow-up points, L € N and
A1 == (2m—1)!vol(S*™) is the total Q-curvature of the round sphere S2™.
Moreover, under suitable assumptions, the blow-up points are isolated.
We do not assume that V' is positive.

1 Introduction

Let © C R?™ be a connected open set and consider a sequence (uy) of solutions
to the equation

(=A)"uy = Vie2™™*  in Q, (1)
where
Vi Vo in Ch.(9), (2)
and, for some A > 0,
/ e?muk dy < A. (3)
Q

Equation (1) arises in conformal geometry, as it is the higher-dimensional
generalization of the Gauss equation for the prescribed Gaussian curvature. In
fact, if uy satisfies (1), then the conformal metric

gr, = e2"*|dx|?
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has Q-curvature Vj, (here |dz|? denotes the Euclidean metric). For the definition
of Q-curvature and for more details about the geometric meaning of (1) we refer
to the introduction in [Marl].

An important example of solutions to (1)-(3) can be constructed as follows.
It is well known that the Q-curvature of the round sphere S?™ is (2m—1)!. Then,
if 7 :.92™ — R?™ is the stereographic projection, the metric g; := (77 1)*ggzm
also has Q-curvature (2m — 1)!. Since g; = e?™0|dx|?, with no(z) = log ﬁ, it
follows that

(—=A)" 9 = (2m — 1)le2™m

4
(2m — 1)!/ 2™ dy = (2m — 1)1 vol(S*™) =: A;. )
R2m

The purpose of this paper is to study the compactness properties of (1), and
show analogies and differences with previous results in this direction. We start
by considering the following model case. The sequence of functions ug(x) :=
log ﬁ satifies (1) on Q = R®™ with V; = (2m — 1)! and [g,,, €™+ da =
vol(S8?™) for every k. On the other hand (uy) is not precompact, as uy(0) — oo
and uy — —oo locally uniformly on R?™ \ {0} so that

Vke2muk dr — A1 60

in the sense of measures as k — oo.

For m = 1, Brezis and Merle in their seminal work {BM] proved that a

sequence (uy) of solutions to (1)-(3) is either bounded in C) 5 (), or up — —o0

uniformly locally in Q\ S, where S = {2, ... 2(D} is a finite set. In particular
one has
I
deﬂ;‘ — Z Oéi(sm(i)
i=1

in the sense of measures. Brezis and Merle also conjectured that, at least for
Vo > 0, in the latter case one has «; = 4w L; for some positive integers L;. This
was shown to be true by Li and Shafrir [LS]. Notice that 47 = A; for m = 1.

For m > 2 things are more complex. In [CC] Chang and Chen proved that
for every a € (0,A;) there exists a solution v to (—=A)™v = (2m — 1)!e?™ on

R*™ and with (2m — 1)! [5.,, €¥™dz = . Then, setting
ug(z) = v(kx) + log k,

we find a non-compact sequence of solutions to (1), (2), (3) with V; = (2m —1)!
and

/ Vie2™ dy — o ¢ AN.
RQm

Moreover for m = 2 Adimurthi, Robert and Struwe [ARS] gave examples of
sequences (ug) with up — oo on a hyperplane. These facts suggest that in
order to obtain a situation similar to the results of Brezis-Merle (finiteness of
the blow-up set) and of Li-Shafrir (quantization of the total @-curvature), we
should make further assumption. In this setting this was first done by Robert
for m = 2, and Theorem 1 below is a generalization of Robert’s result to the
case when m is arbitrary.



Theorem 1 Let (uy) C C2m(Q) be solutions to (1), (2) and (3), and assume

loc

that there is a ball B,(§) C Q2 such that
|Augllz1(B,(e)) < C- (5)

Then there is a finite (possibly empty) set S = {xM, ... (D} such that one of
the following is true:

(i) up to a subsequence uy — ug i C2""HQ\ S) for some ug € C*™(Q\ S)

loc
solving (—A)™ug = Voe2™% | or

(i) up to a subsequence uy — —oo locally uniformly in Q\ S.
If S#0 and V(xD) > 0 for some 1 < i < I, then case (i) occurs.

Moreover, if we also assume that
[(Aug) " ||L1) < C,  with (Aug)™ := min{Auy, 0}, (6)

we have in case (i) that S = 0 and in case (ii) that Vo(zD) >0 for 1 <i < T
and

I
Vj, €2k dgp — Z ;0 (M)
i=1
in the sense of measures in Q, where o; = L; A1 for some positive L; € N. In
particular, in case (ii) for any open set Qo CC Q with S C Qg we have

/ Vie?™ U dy — LAy (8)
Qo

for some LEN (L=04fS=0).

Notice that the hypothesis (5) and (6) are natural, since for m = 1 they already
follow from (1), (2) and (3), and the counterexample quoted above show that
they are necessary to some extent (see the first open problem in the last section).
Moreover, contrary to [Rob2] and [LS], we do not assume that V, > 0. In fact,
as already discussed in [Mar3], if Vo has changing sign, one can show using
the results of [Mar2] that, if (6) holds, blow-up happens only at points where
Vo > 0. We also point out that when m = 2, F. Robert [Rob3] proved a
version of Theorem 1 where the assumptions (3), (5) and (6) are replaced by
|Aug| 1) < C. This does not seem possible for m > 2 without further
assumptions of Aduy for 2 < j <m —1.

A different approach to compactness can be given by working on a closed
Riemannian manifold instead of an open set, see Druet-Robert [DR], Malchiodi
[Mal], Martinazzi [Mar3] and Ndiaye [Ndi], or by assuming € bounded and
imposing a Dirichlet or a Navier boundary condition, see Wei [Wei|, Robert-
Wei [RW] and Martinazzi-Petrache [MP]. In this case the quantization is even
stronger, as one shows that a; = Ay in (7) and L = I in (8). It turns out that
the ideas of [DR] and [Mar3] can be applied in the present context of an open
domain if we assume an a-priori L'-bound on Vuy in place of the bound on
A’U,ki



Theorem 2 Let (ug) C CE™(Q2) be solutions to (1) and (3), where

Vi = Vo in Cjo (). (9)
Assume further that there is a ball B,(§) C Q such that

Vurllz1 (s, ) < C- (10)

Then there is a finite (possibly empty) set S = {x(M), ... (DY such that one of
the following is true:

(i) up to a subsequence uy — ug in C2""H(Q\ S) for some ug € C*™(Q\ S)

loc
solving (—A)™ug = Voe2™4 | or

(i) up to a subsequence ur — —oo locally uniformly in Q\ S.
If S#0 and V(xD) > 0 for some 1 < i < I, then case (ii) occurs.

Moreover, if we also assume that
[Vug|zr) < C, (11)

we have that in case (i) S = 0 and in case (i1) Vo(xD) >0 for 1 <i < 1T and

I
Vk€2mukd1’ — ZAIér(i) (12)
=1

in the sense of measures. In particular, for any open set Qg CC Q with S C Qg
we have

/ V€™ dy — TA. (13)
Qo

The difference between Theorem 1 and Theorem 2 is that under the hypoth-
esis of Theorem 2 one can prove uniform bounds for Viuy, 1 < £ < 2m — 2
(Propositions 12 and 13), which in turn allow us to apply a clever technique of
Druet and Robert [DR] to rule out the occurrence of multiple blow-up points. In
Theorem 1 one can only prove bounds for V/=2Auy, 2 < ¢ < 2m — 1 (Proposi-
tions 5 and 7 below). This is not just a technical issue, as the result of Theorem
2 is stronger than that of Theorem 1. Indeed X. Chen [Che] showed that al-
ready for m = 1, under the assumptions of Theorem 1, there exist sequences
with multiple blow-up points.

The paper is organized as follows. In Section 2 we prove Theorem 1, in
section 3, we prove Theorem 2 and in the last section we collect some open
problems. The letter C' always denotes a generic large constant which can
change from line to line, and even within the same line.

I am grateful to F. Robert for suggesting me to work on this problems.

2 Proof of Theorem 1

In the proof of Theorem 1 we use the strategy of extracting blow-up profiles
(Proposition 6 below), in the spirit of Struwe [Strl], [Str2] and of Brézis-Coron



[BC1], [BC2]. We classify such profiles thanks to the results of [Marl] and
[Mar2], and finally we use Harnack-type estimates inspired from [Rob2]. Since
Propositions 4 and 5 below don’t work for m = 1, in this section we shall assume
that m > 1. For the case m = 1 we refer to [LS], noticing that their assumption
Vi > 0 can be easily dropped (particularly in their Lemma 1), since there are
no solutions to the equation

—Au = Ve?* in R?, / eldr < 0o, V =const <0,
]R2

see Theorem 1 in [Mar2].

Proposition 3 Let (ux) be a sequence of solutions to (1)-(3) satisfying (5) for
some ball B,(&) C Q and set

A
S = {y €Q: lim liminf/ |Vio|e*™ % dy > 1}. (14)
B (y)

r—0t k—oo 2

Then S is finite (possibly empty) and up to selecting a subsequence one of the
following is true:

(i) up — ug in C2"H(Q\S) for some ug € C*™(Q\S);

loc
(i) up — —oo locally uniformly in Q\S.
If S #0 and V(@) > 0 for some 1 <i < I, then case (ii) occurs.

Proof. By Theorem 1 in [Mar3] (compare [ARS]) we have that S is finite and
either

(a) up — up in CE™H(Q\S) for some ug € C2™(Q\S), or

loc

(b) ur, — —oo locally uniformly in Q\(S UT), where T is a closed set of
Hausdorff dimension at most 2m—1. Moreover there are numbers B — oo

such that u
7 e mCRTHQ\(SUT)), (15)
k
where p € C®(N\S), ' ={zx € Q\ S : p(z) =0} and
Amp =0, <0, ©#0 inQ\S. (16)

Clearly case (a) corresponds to case (7) in the proposition. We need to show
that if (b) occurs, then I' = (), so that ¢ < 0 on Q\\S and case (i7) follows from
(15). In order to show that I' = ), observe that Ap = 0 in Q\S. Otherwise,
since Ay is analytic!, we would have

/ |Ap|dz > 0,
B, (€)
where B,(§) C Qis as in (5). Then (15) would imply

lim |Aug|dz = lim ,Bk/ |Ap|dx = +oo,
e By o) Foee B, ()

Lwe have A™~1(Ayp) = 0, and polyharmonic functions are analytic.



contradicting (5). Therefore Ap = 0. Then the maximum principle and (16)
imply that ¢ < 0in Q\S, i.e. T' = (), as wished. Also the last claim follows from
Theorem 1 in [Mar3]. |

Proposition 3 completes the proof of the first part of Theorem 1. In the re-
maining part of this section we shall assume that (uy) satisfies all the hypothesis
of Theorem 1, including (6) in particular, and we shall prove the second part
of Theorem 1. If S = (), it is clear that the proof of Theorem 1 is complete.
Therefore we shall also assume that S # (), and we shall prove that consequently
we are in case (7i) of Theorem 1.

Proposition 4 For every open set Qo CC Q\S there is a constant C(Qp) in-
dependent of k such that

||A’u,kH02m73(QO) S C(Qo) (17)

Proof. If case (i) of Proposition 3 occurs the proof of (17) is trivial, hence we
shall assume that we are in case (i¢). Up to restricting the ball B,(£) given
in (5), we can assume that By,({) NS = 0, so that u, < C = C(p) on B,(§).
Consequently [A™ui| < C on B,(&). This, (5) and elliptic estimates (see e.g.
[Marl], Lemma 20) imply that

||Auk||c2m—3(3 ) < C. (18)

p/2

Elliptic estimates and (6) imply that either Auy — +o00 locally uniformly in
Q\ S, or (Aug)gen is uniformly bounded locally in 2\ S. In the first case (18)
cannot hold, so we are in the second situation, and (17) follows at once from
elliptic estimates, since |A™u| < C(£g) on Q. O

Proposition 5 For every open set Qg CC Q) there is a constant C independent
of k such that

/ \V£72Auk|dx < C’r2m*e, (19)
B.,«(:E())

for2 <t <2m—1 and for every ball By(xo) C Q.
Proof. Fix

1 ) .
—  mi i () _ 2 di
) Tg min {1<rin¢l§’1<1 |x x|, dist (092, 8(20)} .

By a covering argument, it is enough to prove (19) for 0 < r < 4. Given
B, (z9) C Qo with r < §, we can choose a ball Bys(¢) C Q such that B,.(zg) C
Bss (), dist(0Bas(€),S) > 20. For & € Bas(€), let G4 (y) be the Green function
for the operator A™~1 in Bys(£) with respect to the Navier boundary condition:

A" G, =0, in Bys(€), Gp=AG, =...=A""2G, =0 on 0Bys(€).

Then we can write

Aug(z) = / G () A" Ay (y)dy
Bus(€)

m—2 (20)
+> / O (Am=i-2G,) A (Auy)do

= Jopuse) W



Differentiating and using the bound |V*~2G,(y)| <
on 0Bys(€), we infer for x € Bas(€)

|w—70y|‘" (see [DAS]) and (17)

2mug (y)
|V€72Auk(x)| SC ‘Vk(y”e

Bas(£) lz —yl*
m—2
' do(y)
O (AHH%>/ : 21
jz::() 9B45(€) 8Bus (€) |z — y|‘€+2m72j—1 (21)
eQmuk(y)
= —— 7y +C

Base) 1& =yl
Integrating on B,.(xg) and using Fubini’s theorem, we finally get

eQmuk (y)

/ |VE2 Ay, () |da SC/ / —dydx + Cram
B, (x0) B,(z0) v Bys(€) |z -yl

1
<C e?mun(y) (/ — dm) dy + Cr?™
Bys(§) B, (z0) |$ - y‘ )

SCTmeé/ e2muk(y)dy + Or2m
Bas(€)
SCT2m7€ + Osz < Or2m7€,

where in the last inequality we used that r < 4. O

Proposition 6 Let Qg CC 2 be an open set such that S C Qy. Then up to a
subsequence we have

lim sup ug = +o0, (22)

k—o0 Qo

and case (ii) of Theorem 1 occurs. There exist L > I converging sequences of

points T; i — 2 € Q such that ug(zik) 00 ask — o0, = {xM 2B}
V(x(i)) >0 for 1 <i< L, and there exist L sequences of positive numbers
1
(2m—1)' 2m —up(Ti k)
ik =2 ———— WRiTi k) — () 23
Hik ( VO(:C(’)) € (23)

such that the following holds:

(a) for 1<ij< L, i#j

o mik — Tk
lim 7| : D2 —
k—oo ik

(b) setting n; = ug(Ti k + pikz) — uk(xir) + log2, one has

in sz71 (RQm),

. 2
klggo Nik(z) = no(w) = log TP loc

and
lim lim V€™ dr = Ay; (24)

R—00 k—o0 Bru, (zi.1)



(c) for every Qo CC Q we have

i — ek (®) <« o =
1511;1£L|$ xikle < C=C(Q). (25)

Proof. Step 1. If supg up < C, then by (14) we have S = (), contrary to the
assumption we made after Proposition 3. Therefore we can assume that (22)
holds.

Step 2. Since uy, is locally bounded in €\ S uniformly in % if case (i) of Theorem
1 holds, and uy — —oo uniformly locally in Q \ S, one can find z; € Qp such
that
ug(zp) = supug — oo, as k — oo.
Qo
Moreover up to a subsequence zj, — xo € S. In particular dist(zx, 9Q) > 0 > 0
for some § > 0. Setting of, = e~"*(¥¥)  we define

2e(y) = ur(zk + ory) +log(ox) <0 in Bs,q, (0).

We claim that up to a subsequence 2, — z in Com™"*(R?™), where

(=A™ 29 = Vo(zp)e?™, /R2 e2mA dy < oo, (26)

This follows by elliptic estimates, using that zx < 0, z;(0) = 0 and Proposition
5. With the same technique of the proof of Proposition 8 in [Mar3], step 3, one
proves that Vp(zg) > 0. Since we have found a point z¢ € S with Vy(zg) > 0,
Proposition 3 implies that we are in case (ii) of Theorem 1.

Step 3. Now we define x 1 1= xp — 9 =: M. Also set p1,k and 71 as in
the statement of the proposition. Then, still following [Mar3], Proposition 8,
we infer that ny x(z) — log ﬁ in C2mhe(R2M),

loc

Step 4. We now proceed by induction, as follows. Assume that we have already
found L sequences (z; %) and (pi), 1 <14 < L, such that (a) and (b) holds, we
either have that also (¢) holds, and we are done, or we construct a new sequence
Try1k =% = To €5, and 0, =041 = e~ v (k) guch that
inf |z, — x(i)|e“’°(”‘) =max inf |z— x(i)|e“’“(”’).
1<i<L w€Qp 1<i<L

Then we define z;, — 2 as before, we prove that Vy(xzg) > 0, so that we can
define pir 41, and nz41 ; as in the statement of the proposition and ny 41 5 (z) —
log ﬁ in C2"~1*(R?™). Moreover (a) holds with L+ 1 instead of L. Taking
into account (a) and (b), we see that

lim sup/ V€™ dz > (L + 1)A.
k—o0 Q(,
This, (2) and (3) imply that after a finite number of steps the procedure stops

and (c) holds. The missing details are as in Step 1 of the proof of Theorem 1
in [DR). O

Remark. In general, as shown by X. Chen [Che], it is possible that L > I,
hence z(¥ = z0) for some i # j. In this case we will stick to the notation
S={x® . 2D} e 2@ #£20) fori#j,1<i,j<I.



Proposition 7 For 2 </ <2m —1 and Qo CC Q we have

Jnt o — 2V Aun ()] < O = C(Q), - forz € Qo (27)
Proof. Let us consider a ball Bs(€) as in the proof of Proposition 5, so that we

have
e27nu;C (y)

(V2 Aug(z)| < C dy +C

Buas(€) |z —yl*
for € Bgs(€) which we now fix. Set for 1 <i < L

Q= {y € Bos(©): inl ly—ayel =y — wisl .

and, assuming x # x; 5, for 1 < i < L (otherwise (27) is trivial), set

ng) = Qi kN Bla, . —a)/2(Ti k), ng) = Qi 1\ Bla; o —a|/2(Tik)-

Observing that for y € Q(k) we have B L < —2 _ and using (c) from Propo-

—yl = lz—zi k|
sition 6, we infer

2
/ e mukedy < %/ eQmuk(y)dy
[z -yl | — @ikl Jow)

d
C/ Y
o |z —ylly

The first integral on the right-hand side is bounded by IzT As for the

integral over QE k), write 9(2) ng) nglk), with

3 2 4 2
Qg,k) = Q( )OB2|CE z; kl( z), Q;k) = Qz(‘7lc)\B2\z—wi,k\(x)~
We have

/ dy < C / dy
o v —yllly —zinl™ T |z — 2kl Jow o —ylf

2lz—x; k|
C ok s
T2m 4 1d7‘

| — i g ?7

C

Observing that
1
cly—wisl <o =yl < Cly—zixl om0,

we estimate

dy < C dy
4 — T 2m = 4 — o 12m+l
o® |z —yl*ly — o |z —yl
oo
< C r~tdr
2]x—x; k|
_c
|z — @ 5"



Putting these inequalities together yields

C
V2 Auy ()] < - +C.
‘ k( )| - lnflgiSL |£L’ — $i7k|z

This gives (27) for € Bgs(€) \ S and for dist(z,S) < 1. For dist(x,S) > 1,
(27) follows from Proposition 4. By a simple covering argument, we conclude.
O

Analogous to Proposition 4.1 in [Rob2] we have the following result, which
is the key step in showing that the contributions given by (24) for 1 < ¢ < L
asymptotically exhaust the whole energy.

Proposition 8 Consider o € S, 0 < § < w, such that Vi(z) >
Vi(xo)/2 > 0 for © € Bys(xg) and k large enough. Up to relabelling assume
that

lim x; = x0, forl<i<N,
k—oc0

for some positive integer N < L, and set <y := 1k, fk = p1,k. Assume that
for a sequence 0 < pr, — 0 we have
inf |z —z1le*@ <O, inf |z -z |VIT2A <C 28
dnf e —wple® < C - inf o — [V Au ()] < (28)
for @ € Bas(z,) \ By (zx) and 2 < £ < 2m — 1. Let 1 > 0 be such that
r=limg o0 15 € [0,0], limg— oo ’;—]’: = limy 00 ’T’—: =0 and set

J = {ie {2,...,N}:limsupw <oo}.
Tk

k—o0

Lik Tk
T

Up to a subsequence, define T; = limg_, , for i € J. Assume that

Z; #0 fori € J and let v and R be such that

1
0<v< 1—Omin{{\@ue JYu{lz: — ;| 4,5 € J, @ #3;}}), (29)

and 5
3max{|Z;|:i€ J} < R< o (30)
where % =00 if r =0. Then we have
lim e?mukdy =0, if pp/pr — 0, (31)

F=00 J(Brr, (@5)\Use s Bory (2i.4)) \ By (24)
as k — oo, and
lim lim e2muedy =0, if pr < Cuy.

R—00 k200 J(Bp,, (2x)\Ui ey Bur, (@i1))\Bg,, (zx)
(32)

Remark. For a better understanding of the above proposition one can first
consider the simplified case when N = L = 1 (only one blow-up sequence),

r =0, pr =0, R=1 and J = . Then (32) reduces to

lim  lim - e2muk gy = 0.
R—so00 k—0o0 B6/4(;pk)\Bﬁ“‘k(wk)

10



This and (24) imply (7) with oy = A4, hence the proof of Theorem 1 is complete
in this special case.

In the general case we point out that the estimates in (28) are stronger than
(25) and (27) in that the infimum is not taken over all 1 < ¢ < L, and weaker
in that they need not hold in B,, (z).

Proof. First observe that if py < Cug, upon redefining py larger, we see that
(31) implies (32), hence we shall assume that limy_, oo g /pr = 0.

Step 1. Set

% = (Bar(0) U @)\ Ber 0).

Then, as in [Rob2], we easily get that for z € Q) and k large enough
inf il >
1§1£1§N |zk + ree — x k| > C(v, R)rl|x|, (33)

and _
T + 1 € BQé(zk) \ BPk (‘Tk)

Set iy (z) := ug(zr + rrx) + logry for x € B3g(0), satisfying
(—A)mﬁk = VkGQmak in BgR(O)
for Vi(z) := Vi(xg + 7). According to (28) we have

lzle®™ @) < O, |z|?| Al (z) < C forz ey, 1 << m—1. (34)

Step 2. There are constants C' = C(v, R), 8 = (v, R) > 0 such that

sup (Bug(z)) < |i?f tg(z) + (1= p)logr + C, (35)
|z|=r TI=r
2¢U,c ; By (&:) v@U;e ;s Bu(T4)
for all r €]3py/rk, 2R]. This follows exactly as in step 4.2 of [Rob2], using (34)
and Harnack’s inequality.

Step 8. We claim that there exists o > 0 such that

|il\1£~ g (z) < —(14 «)logr — alog % +C (36)
€U, c s Bu(@i)
for all r €]3pi /7, 2R]. In order to prove this claim, fix s, €]3py/rk, 2R] and set
Up(z) := tp(skz) +log s, for x € B%(O)

Assume that 0 < s < 8v, so that
Bl(O) N ( LJJEETZ (skl:fji>> =0,
ic

and let H be the Green’s function of A™ on B; with Navier boundary condition,
that is the only function satisfying

A™H =6y on By, H=AH=---=A""'H=0ondB,.

11



Then we have

HA™T— 1— ZH( )

Ue(0) = [ HWA" Uy dy+z / AUy (y)da(y). (37)

0B,
Using (29) and (30) we infer that 0B; C s '€, Moreover (34) yields
Up(z) <C, |A'Up(x) <C for|z|=1,1<l<m—1.

This implies

m—1—¢
‘/ c’?A—H(y)AeUk(y)dU(y) <C, forl1<f<m-1,
0B, on

and
OA™ 1 H (y)

o
o, o Ur(y)do(y) > é%fl Ug,

m—1
where we used the identity fé)Bl MainH(y)da(y) = 1. This in turn can be

checked by testing (37) with Uy = 1. Then, also observing that (—1)™H > 0
and (—A)™U, > 0, (37) gives

Ui0) > [ ()" H) A" Uiy + yf U~ C

: (38)
> [ GO HEEA Uy + iyt U -,
B g, '
S
for any R > 0 and k > kg such that Bz, C B 1. We have that
SkTk
(—1)™H(y) > 2 log 1 C (39)
Y) Z )
Ayl

which follows by elliptic estimates and the fact that K(x) := = log 1] satisfies

(=A)™K = dg (see e.g. [Marl, Proposition 22]), hence A™((— )mK H)=0.
Plugging (39) into (38) we can further estimate

1

Ur(0) — inf Uy +C > / ( log — C)(—A)’”Uk(y)dy =:1. (40)
9B B g, Ay ||

Sk"‘k

Scaling back, recalling that ug(2x) = —log px + 5 log (%/m(zl) , and performing

the change of variable y = Si‘ﬁk z, we obtain

2 1
I= / ( log — — C’> Vie(xp + respy) eV W dy
B Ar 7yl

Rug
SkTk
2 1 2m — 1)!
_ / <log +log STk _ C) (2m — 1)!Vi(a +,ukz)e2mnkdz,
B, M || ik Vo (o)

R
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with 7, = m1,, is as in Proposition 6, part b. Then Proposition 6 implies for

k> ko(R) )
I>(1+0(1)— log 2K / (2m — 1)le?™ 0,
A pe JBg

with error o(1) — 0 as k — oo. Then with (4) we get

1> (2+0,(R))log 2%
Mk

for some function 0y (R) with limp_, limg_o 0x(R) = 0. Going back to (40)
and observing that Uy (0) = log 2k 4 O, we conclude

5 SETE | .
—_ <
(14 6,(R))log " + é%fl Up <C,

for k > ko(ﬁ) large enough. Upon choosing R large, we see that there exists
6 > —1 such that ek
(14 0)log " +é%f1Uk <C

for all k large enough. Combining this with (35) we obtain (36) with o := %ﬁ >

0, at least under the assumption that » < 8v. For r > 8v (36) follows from the
case r = 7v and (35).

Step 4. We now complete the proof of (31). For y € Br(0) \ Ule B, 2(%;) we
get from (36) (upon taking v smaller)

ar(y) < —(1+ a)logly| — ozlogL—lC +C.
k

Finally, scaling back to u; and observing that B, »(&;) C El,(M) for k

Tk
large enough, one gets

/ B B e2muk
(Brey @)\Use s Borg (@i.0))\Bapy, (22)

<

/ eQmﬂk(y)dy
(BR\UieJ By (ii))\gﬂ
Tk

2ma 1
=< / C<Iuk> 2m(1+a) dy
RQT”'\E:;& Tk ‘y|

"k

2ma
<C('uk> — 0, ask — oo.
Pk

Finally we claim that for any N > 0 the following proposition holds.

Proposition 9 Given a ball Bys(xo) C R*™, let (ug) C C*™(Bus(z,)) be a
sequence of solutions to (1), (2), (3) with Q = Buys(z0), Vi > Vo(xo)/2 > 0. Let
ik ond g, 1 <4 < L be as in Proposition 6, and assume that 1 < L < N,
and limy_, oo ;1 = xo for 1 <i < L. Then

lim Vie2™dy = LA;.

k=00 J Bs(x0)

13



The proof of Proposition 9 follows from Proposition 8 and (24) by induction
on N as in [Rob2], Proposition (Hy), with only minor and straightforward
modifications.

Proof of Theorem 1. Fix Qy CC Q open with S C €y and choose § > 0
such that Bys(z®) € Qg for 1 < i < I and and Bys(z() N Bys(x)) = () for
1 <i# j < I (remember that () # z() for 1 < i # j < I) and such that
Vi > Vi(z(9)/2 > 0 on Bys(z®) for k large enough and 1 < i < I. We fix
i€ {1,...,I} and apply Proposition 9 to the function u, restricted to Bs(z(*))
together with the N = L; > 1 blow-up sequences converging to z(?), hence
getting

lim V2™ dy = L;Aq.

k—oco Bg(z(i))

Moreover, since uy — —oo uniformly locally in 2\ S, it follows that

lim Vie2™ dy = 0,
k=00 JOo\UL, Bs(z®)

whence (7) and (8) follow at once. O

3 Proof of Theorem 2

Here the Harnack-type estimates of [Rob2] are replaced by a technique of [DR],
reminiscent of the Pohozaev inequality. For this it is crucial to have the gradient
estimates of Propositions 11 and 12 below, which correspond to (and in fact are
stronger than) Propositions 4 and 5 of the previous section, and which also work
in the case m = 1.

Proposition 10 Let (uy) be a sequence of solutions to (1), (3) and (9) satis-
fying (10) for some ball B,(§) C 2, and let S be as in (14). Then S is finite
(possibly empty) and one of the following is true:

(i) uy — ug in CETH(Q\S) for some ug € C*™(Q\S);
(i) up — —oo locally uniformly in Q\S.
If S # 0 and Vo(z) > 0 for some x € S, then case (i) occurs.

Proof. The proof is analogous to the proof of Proposition 3. Following that
proof and its notation, it is enough to show that if case (b) occurs, then T’ = 0.
In order to show this, observe that Vo = 0 in Q\S. Otherwise, since Vi is

analytic, we would have
/ [Vpldz >0,
B, (8)
where B,(£) C Q is as in (10). Then (15) would imply
lim [Vug|dz = oo,
k—oco Bp(f)

contradicting (10). Therefore ¢ = const and (16) implies that ¢ < 0 in Q\S5,
ie. I' =0, as claimed. O
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This completes the proof of the first part of Theorem 2 and, as we did in
the last section, we shall now assume that (uy) satisfies all the hypothesis of
Theorem 2, including (11). As before, if S = ) the proof of Theorem 2 is
complete, hence we shall also assume that S # () and we shall prove that we are
in case (i7) of the theorem.

Proposition 11 For every open set oy CC Q\S there is a constant C = C(Qp)
such that
||uk — akHC2nl—1(QO) <, (41)

where Ty, = JCQO upde.

Proof. 1If case (i) of Proposition 10 occurs the proof is trivial, hence we shall
assume that we are in case (ii). Consider an open set g CC Q\ S with smooth
boundary and with ¢ CC Q. Write up = wg + hy, in Qo, with A™h;, = 0 and
wy, = Awy, = ... = A™ Ly, =0 on 9. Since

|A™wy| = |A™u| < C = C(Qo) on Q,
by elliptic estimates we have
[wll czm-1(0q) < C.
This and (11) give |[Vhg||;1 g, < C, hence, since A™(Vhy) = 0, by elliptic

estimates we infer )
IVhillcey < C = C(¢,Q0,0)

for every £ > 0, see e.g. Proposition 4 in [Marl]. Therefore
||Vuk||C2’"—2(Qo) S C = C(Qo,Qo),

and (41) follows at once. O

Proposition 12 For every open set Qg CC 2 there is a constant C' independent
of k such that

/ |Viuy|de < Cr2m=*, (42)
B (xo)
for 1 <4 <2m —1 and for every ball B,(xq) C Q.

Proof. Going back to the proof of Proposition 5, we only need to replace (20)
by

wle)—m = [ Gy
Bas(§)
m—1 a (43>
+ / f(AmijilGx)Aj(uk —ﬂk)dd,
jZ:O 0B4s5(8) o

where now

A™Gy =0, in Bus(€), Go=AGy =...=A""'Gy =0 on 9Bys(€),
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and

Uy = ][ukda:.

Bas(€)
Differentiating and using |V*G,(y)| < ﬁ (see e.g. [DAS]) and (41) (with
Qo = Bys(§)) on 0B4s(€), we infer for x € Bas(&)

e2ﬂ@uk(y)

V()] < C dy + C.

Bus(€) |z — ylt

Integrating on B,.(z¢) C Bas(£) and using Fubini’s theorem as before, we finally
get

e2mui(y)
/ A% Uk z)|dz < C/ / ——dydr + cr?m < or?m=t,
B, (x0) B, (z0) J Bas(£) |z -y

O

Proposition 6 also holds with the same proof. Proposition 7 has the following
analogue, which can be proved as above. Notice that at this point we are not
yet excluding that L > 1.

Proposition 13 For1 </ <2m —2 and Qo CC Q we have

inf |z — 2| |Viur(z)| < C = C(Q), forz € Q. (44)

1<:<L

Taking into account Proposition 6 and Proposition 13, one can follow the
proof of step 4 of Theorem 2 in [Mar3], in order to prove that the concentration
points are isolated, i.e. (" # z) for i # j, I = L, and that for § > 0 small
enough

lim lim Ve2™ dy = 0.
R—r00 k=00 Bs(@i,k)\BRu; 5, (%ik)

This and (24) complete the proof of Theorem 2.

4 A few open questions

1) Necessity of hypothesis (6) and (11). Is the assumption (6) (resp. (11))
necessary in order to have quantization in the second part of Theorem 1 (resp.
Theorem 2), or is (5) (resp. (10)) enough?

For instance, is it possible to find a sequence (uy) of solutions to

(—=A)™uy, = *™* in By(0)

with

lim e2mukdr = o € (0, A)
k—oc0 Bl (0)

and

/ |Aug|de < C
By (8)
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for a ball B,(§) C B1(0)? To our knowledge, this is unknown even in the case
when wy, is radially symmetric, see [Rob1].

2) If case (i) of Theorem 1 (or equivalently Theorem 2) occurs, is it possible to
have S # 0?7 If instead of (2) we only assume the bound ||[Vi| (o) < C, the
answer is negative, as shown for m = 1 by Shixiao Wang [Wan].

3) Boundedness from above. Given a solution u to
(_A)mu _ VeQmu in R27n7

with V' € L>®(R?™), e?™* ¢ L1 (R?*™), is it true that supgem u < c0?

For m = 1 this was proven by Brézis and Merle, [BM, Theorem 2], but their
simple technique, which rests on the mean-value theorem for harmonic functions,
cannot be applied when m > 1. It is only known that when V = const > 0
then the answer is positive, see [Lin, Theorem 1], [Marl, Theorem 1] and [Mar2,
Theorem 3].
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