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Abstract
On the unit disk B; C R? we study the Moser-Trudinger functional

E(u) :/B (6“2 . l)dx, ue HM(B)

and its restrictions E|py,, where My = {u € Hj(By) : ||lul|3,, = A} for A > 0. We prove
0
that if a sequence uy of positive critical points of E|p,, (for some Ay > 0) blows up as

k — oo, then Ay, — 4, and ug, — 0 weakly in H{(B) and strongly in CL_(B1 \ {0}).
Using this we also prove that when A is large enough, then F|js, has no positive critical
point, complementing previous existence results by Carleson-Chang, M. Struwe and Lamm-

Robert-Struwe.
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1 Introduction

Let Q € R? be a smooth bounded and connected open set. It is well-known that there is
a Sobolev embedding WP (Q) < L27(Q) for p € [1,2), but HL(Q) == WIA(Q) # L=(Q).
However it was proven by N. Trudinger [29] that e¢*’ € L'(Q) whenever u € HL(€). This
embedding was sharpened by J. Moser [23] who showed that

1
sup / (6“2 — 1)dx < C|9|, Jull g1 = </ \Vu|2dx> 2, (1)
Q Q

u€H (), Ilull";{é <4m

and
sup / <6“2 — 1>dw = 400, for every 6 > 0. (2)
e HY(Q), ||ul?,, <4r+5 /9
0



Since then, a formidable amount of work has been devoted to the study of the functional

E(u) := /Q <6“2 - 1)d:c, u € Hy(Q)

and in particular of its critical points. Clearly v = 0 is the only global minimum of E, but
because of (2) we cannot look for a global maximizer of E in Hg. Instead one might hope to
find a maximizer of E|yy,, i.e. of E constrained to the manifold

My = {u € HY(Q) « ||ull3y = A}

for A € (0,47], or to find other kinds of critical points (local maxima or minima, saddle points,
etc.) when A > 4w. As long as A < 47 the embedding (1) is in fact compact, so the existence
of a maximizer is elementary, but when A > 47 compactness is lost and also the Palais-Smale
condition does not hold anymore, see [3].

In spite of these difficulties Carleson and Chang [7] proved that when Q = B1(0) (the unit
disk in R?) E|yz,,. has a maximizer. This result was extended by Struwe [26] who proved the
existence of a maximizer in My, when  is close to a ball, and finally by Flucher [13] for any
bounded smooth €2 (see also [9] for a related result in higher dimension).

The existence of critical points on My in the supercritical regime, i.e. for A > 4w, is even
more challenging, and to the fundamental question of the existence of critical points of E|z,
for A large only few answers have been given. Monahan [22] gave numerical evidence that when
2 = By(0) then for some A* > 47 the functional E|p;, has a local maximum and a mountain
pass critical point for every A € (47, A*). Assuming that a local maximum of E|y,, exists
(which was later shown to be true for arbitrary domains by Flucher [13]) Struwe proved in [26]
that for some A* = A*(Q2) > 47 and for a.e. A € (4w, A*) two critical points exists. This result
was then extended in [16] to all values of A € (4w, A*) through the more precise information
given by a parabolic flow, compared to the one given by the Palais-Smale condition.

Further, using implicit function methods, Del Pino, Musso and Ruf [11] were able to charac-
terize some of these critical points as one-peaked bubbling functions which blow-up as A N\ 4.
In the same paper they showed that if € is not contractible, then for some At > 87 the functional
E|u, has a critical point of multi-peak type for A € (87, AT). When  is a radially symmetric
annulus they also proved for any 1 < ¢ € N the existence of some Aj > 47/ such that F|;, has
a critical point when A € (47¢, A}). We also refer to [27] and [16] for related results on domains
with small holes, in the spirit of [8] (where the Yamabe equation was treated).

The previous results, in particular those in [11], suggest that at least when ) is not con-
tractible E|ps, might have critical points even when A is much larger that 47. In this paper we
will show that such a topological assumption on €2 is natural. In fact we will prove that when
1 = B;(0), then E|jp;, has no positive critical points for A large enough.

Theorem 1 For Q = By(0) there exists A* > 4 such that the functional E|y;, has

(i) no positive critical points for A > AF,



(ii) at least 2 positive critical points for A € (4, AY),
(iii) at least one positive critical point for A € (0,4n] U {A®}.

The proof of the non-existence part in Theorem 1 (Part (i)) will be completely self-contained.
To prove Parts (ii) and (iii) we will also use Theorem 1.7 from [26], which gives the existence
of some A* > 47 such that a positive critical point of E|ys, exists for A € (4m, A*). Actually
by [26, Theorem 1.8] and [16, Theorem 6.5], E|ys, has two positive critical points whenever
A € (47, Ay), for some A, € (4w, A*]. Then Theorem 1 complements these results by showing
that, at least when Q = Bj, the existence of two positive critical points of E|y;, for A > 47
persists until we reach the energy threshold A = A%, beyond which we have non-existence. A
qualitatively similar picture has also been shown in [15], [21] (as well as in several subsequent
papers in the literature) for the problem —Awu = uf(u) in bounded domains of R™. Differently
from these results, we focus on the Dirichlet energy rather than on the parameter u, and we
deal with a faster growth of the nonlinearity.

In order to prove Theorem 1 we first notice that a critical point of E|ys, solves

—Au = \ue?” in Q;
uw=0 on 09); (3)
Jul2y = A,

for some A > 0, and that when Q = B; a positive solution to (3) is radially symmetric by
Theorem 1 in [14]. Then it will be crucial to understand the blow-up behavior of a sequence of
symmetric positive solutions to (3), i.e. solutions u to

—Auy, = )\kuke“z in By;

up =0 on 0Bi;

ug >0 in By; (4)
||Uk||?{6 = Ay

In this direction a lot of work has already been done. For the sake of simplicity we shall
present only the radially symmetric versions of the results which we quote, referring to the
original papers for the general cases. For instance O. Druet proved (see also [4] and [2] for
previous related results, where the blow-up profile was identified, and [16] where the parabolic
case was treated): let (uy) be a sequence of solutions to (4) with A, < C and suppg, up — oc.
Then up to a subsequence A\, — A € [0, 27],} ugp — uoo strongly in CL _(B; \ {0}) and weakly
in H(By), where

AU = )\oouooe“go in By, (5)

and Ay — AnL + HUOOH%I(% for some integer L > 1. More precisely

|Vug|?de — 4 Loy + |Vues |2 dz, )\kuie“%am — 4w Loy + )\oougoe“go dx (6)

!The constant 27 is the first eigenvalue of —A on B;. As proven by Adimurthi [1], Problem (3) has a positive
solution if and only if A € (0, A1(R2)), where A1(2) is the first eigenvalue of —A on  with Dirichlet boundary
condition.



weakly in the sense of measures. The questions whether u., and Ay can actually be non-zero,
and whether L can be greater than one (i.e. whether the blow-up can be non-simple, using a
terminology introduced in [24]) were left open (in fact also higher dimensional generalization of
the result of Druet, see e.g. [19], [20] and [28], produced analogous open questions), but we are
now able to give a negative answer to both questions, as stated in the next theorem.

Theorem 2 Let uy be a sequence of solutions to (4). Then up to extracting a subsequence we
have for k — oo either

(i) M = Moo € [0,27], up, — uso in CH(B1), where us solves (5), or

loc

(i) A\ — 0, ||uk||?{é — 47, up — 0 weakly in H}(B1) and strongly in CL_(By\ {0}) and

Vug|?de — 476y, /\kuQe“ida: — 47dy 7
k
weakly in the sense of measures.

The proof of Theorem 2 is self-contained. In some parts we could have used previous results
of [4] or [12], but these hold for general domains, and consequently their proofs are more involved
and we did not want to rest on them. Our main argument is not based on a Pohozaev-type
identity as the results in [12], [16], [20] and [28], but on a simpler decay estimate of uj away
from the blow-up point, which has some partial analogies with Lemma 3 of [18] (originating in
[25], see also [6]). Notice that, contrary to the previous works, e.g. [12], in our Theorem 2 we
do not assume uniform bounds on ||u/.c||i,67 ie. Ay < C. This is crucial if we want to apply

Theorem 2 to prove Theorem 1.

The final picture that we get is then much closer to the geometric situation of the Liouville
equation as studied by Brezis-Merle, Li-Shafrir and Li. More precisely, and working again on
B for simplicity, consider a sequence (vg) of radially symmetric solutions to

—Av, = Ve in By CR?, Vi, = Vo >0in C%(By), ||| ;1 < C, supv, — +oo.

By
Then, as proven in [5, Theorem 3],
v — —oo uniformly locally in B; \ {0} (8)
and
Viee?Ykdz — ady weakly as measures, for some a > 27. (9)

Here VeV plays the role of the energy density )\kuze“i from (6) and (7). Then (8) and (9) are
the equivalent of Asou2 e“>dz = 0 in (7) (compared with (6)).

Y-Y. Li and I. Shafrir, see [17],[18], complemented the result of Brezis-Merle by showing
that o = 47 in (9), finally yielding Vje?"* — 47dp, in analogy with (7). On the other hand we
remark that the proof of (7) is more subtle because the nonlinearity ue®” is more difficult to
handle than e?V. In fact, as already noticed in previous works, e.g. [4], suitable scalings 1, of



L (R?) to a solution 79 of —Av = 4e?’, see Lemma
3. Unfortunately this information is too weak for our purposes and we need to linearize the
equation satisfied by 7 (Eq. (14) below) to better understand its asymptotics (Lemma 4), and
to have a global estimate of 7, (Lemma 5).

blowing-up solutions of (4) converge in C

We also point out that an immediate consequence of the proof of Theorem 1 is the existence
of blowing-up solutions to (4) with bounded energies (Ay — 47). This has long been an open
problem: Adimurthi and Prashanth [3] were only able to prove the existence of blowing-up Palais-
Smale sequences, while more recently Del Pino, Musso and Ruf, with an approach technically
much richer, showed that blowing-up solutions exist for any domain , see [11]. Our method
applies only to the unit disk, but it is on the other hand relatively elementary and explicit.

In the following the letter C' denotes a large constant which may change from line to line and
even within the same line.
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2 Proof of Theorem 2

By [14, Theorem 1] a positive solution u to (3) is radially symmetric. With a little abuse of
notation we shall write u(x) = u(r) for € By with |z| = r. Since Au <0

21’ (r) = Audz < 0; r>0,
By

hence u(r) is decreasing.
Consider now a sequence u as in the statement of the theorem. By elliptic estimates, if
maxp, ur < C, then we are in case (i). Let us therefore assume that, up to a subsequence

pr = ur(0) = maxug —» 0o as k — oo. (10)
1

Lemma 3 Let ri > 0 be such that r,%)\kuze“% = 4. Then as k — oo we have rp, — 0,

() 7= p(up(rix) — ) = no(@) == —log(L+ [z]*) in Cioe(R?), (11)
and
lim lim Aptlehdr = / 4¢*0 dg = 47, (12)
R—00 k—o0 BRTk R2



Proof. We first prove that limg_,., 7 = 0. Otherwise up to extracting a subsequence we have
/\kuie“i < C. Then, using that uj, < 0 in [0, 1] we see that

—pupAug < /\kuze“i <C in Bj.

Therefore as k — oo we get Auy — 0 uniformly and by elliptic estimates ux — 0 in C1(By),
contradicting (10).

Set now vg(z) = ug(rgz) — pg. We claim that vy — 0 in ClloC

(R?) as k — oco. Indeed
4 ()
Kk Hk

since 4/pr — 0, 0 < wg/pp < 1 and (ug(rpx) — pr)(ug(rgx) + pk) < 0. Now notice that v, < 0
and vg(0) = 0. Then the Harnack inequality implies the claim.
Therefore we have

—Avg(x) = elulrkm) =) (w(rk@)Fik) 0 uniformly as k — oo

—Anp = Ve€®*™ in By,

where A )
o) = S0y, (1l
14 2\ 1%
Considering that 7, < 0, Any, is locally bounded and 7;(0) = 0 we have ny — n* in CL_(R?) by

the Harnack inequality, where —An* = 4e¢?”" and 1*(0) = 0. On the other hand

+ 1> — 1 in CP.(R?).

—Ang = 4¢*™ in R?,  no(0) =0, (13)

hence it follows from the uniqueness of solutions to the Cauchy problem (recall that all functions
here are radially symmetric) that n* = ng.

Finally (12) follows from Fatou’s lemma. O
Notice that
2+"—k)
—Ank:4<1+"§>e( ni )™ (14)
H
Lemma 4 Set wy, := pi(nr, — o). Then we have wy — w in CL (R?), where
2r? 1, 1—r2 (147 Jogt
— S dt 15
W) = ml) + o~ g0 s | e (15)
is the unique solution to the ODE
—Aw = 4e* (o 4+ 12 + 2w), w(0) =0, w'(0)=0. (16)
Moreover w satisfies
Awdzr = —4m, (17)
R2
and
sup [w(r) —no(r)| < oo. (18)
r€[0,00)



Proof. Set ), := p; > — 0 as k — oo. Using (13) and (14) we compute

1
—Awy, =— [4(1 + Eknk)e(Q-i-&knk)nk _ 462770}
€k

462770 (19)

€k

[(1 + e (o + (mp — 770)))62(nk—no)+€kn§+2ewo(nk—no)+€k(nk—no)2 _ 1l

By Lemma 3 for every R > 0 we have ng(r) — no(r) = o(1) — 0 as kK — oo uniformly for
r € [0, R], and we can use a Taylor expansion:

G2k e 2 2k 19— ) + < -+ oL+ o(1) 0k — ),
with errors o(1) — 0 as k — oo uniformly for r € [0, R]. Going back to (19) we get
—Awy, = 4e*™ [ng + 105 + 2wy, + o(1) + o(1)wy],
with o(1) — 0 as kK — oo uniformly for r € [0, R]. By ODE theory w/(r) is locally bounded, and

by elliptic estimates wy — @ in CL _(R?), where w satisfies (16).

Since the solution to the Cauchy problem (16) is unique, in order to prove that w = w (with
w given in (15)) it is enough to show that w solves (16). It is easily seen that w(0) = 0. First

computing
1 Po1—r2d Y7 logt 2log(1 + r?
(—*773(7")> t s e dt:—g(iﬂa
2 1+r2dr Jy 1—t r(1+12)
we get
2r(1 —12)  2log(1 4 12 4 7% Jog t
'U)/(T’) — 7’( r ) _ Og( +T ) _ T / Og dt, (20)
(14 172)2 r(1472) (1+7r2)2 )y 1—t
w'(0) = 0, and using Aw(r) = w"(r) + @ we finally get
1602 12log(1+72)  8(1—12) [ logt
—Aw(r) = r_ 12log{1+17) + (1-r )/ 8% it
R R (R R () 3 A
472 1—p2 [ logt
=4e*™ | —— +3no + 2—— dt| = 4e*™ 5+ 2w).
‘ [1+T2+n0+ 1+r2/1 1—t } e o + 1o + 2v]
To prove (17) we use the divergence theorem and (20) to get
Awdzr = lim 27w’ (r) = —4n.
R2 r—00
Similarly from (20) we bound
W)~ ()] S ey Tor 7€ [0,00)
and integrating in r also (18) follows. O

Lemma 3 tells us that for R > 0 and k > ko(R) we have n, — 19 in C*(Bg). On the other
hand 7y, is defined on Brgl with 7“,;1 — 00 as k — 0o, and Lemma 3 gives us no information on

the behavior of 7, on BT;1 \ Br. We shall now use Lemma 4 to fill this gap and have a crucial
estimate of n in all of Brlzl.



Lemma 5 Fiz Ry € (0,00) such that w < —1 on [Ry,o0), where w is given by (15) and such
Ry exists thanks to (18). Then for k large enough

ne(r) < no(r), forre [Ro,r,;l], (21)

or equivalently

up(r) < pg — L log (1 + (T)2>, for r € [Rory, 1]. (22)

Kk Tk
Proof. Write ¢, := /‘1;2 = UZQ(O) and n = 1o + exw + ¢. Then (14) is equivalent to
—Any, = 4 (1 + e (o + exw + ¢p,)) ePFertmterwtoR) noteruton)
and taking (13) and (16) into account we find
—Adk = Pp (),

where for any function ¢
Dy (B) := 4(1 4 4 (o + pw + ¢))e(2+5k(n0+£kw+¢))(770+akw+¢) — 4?0 fe2g, [,70 + ?73 + Qw] )
We now expand

(24 ex(no + exw + @) (o + exw + @) =219 + 2exw + 2¢ + 8kng + QEzwno + Ezwz
+ erd (210 + 2epw + @) =: 21 + hi ().

To avoid cumbersome notations we will also write, for a given function ¢ and any given k,

h = hy() = 2epw + 2¢ + exnd + 2c3wno + esw? + exd (20 + 2epw + ),
N:=1y+ ExwW+ ¢

so that
eFreRmn — 2noth g, (4) = 4¢2m0 [(1 +epn)el =1 — epmo — epmt — 26kw} .
Then with a Taylor expansion we can write
eZreRmn — ¢2m [1+h+O0(RY)],

where |O(h?)| < Ch? for a fixed positive constant C, provided |h| < 1. Then, using (18) to
bound |w(r)| < C(1 + log(1 + r?)),

(1+ skn)eh = 1+4erno + 2w + 51&73 +2¢
+0(¢) (0(¢) + O(ex(1 + log(1 +7%))%)) + O(ej(1 + log(1 + 1%))%)

where |O(s)| < Cs. Then

Dy (¢) = 4e*™ [2¢ + O(¢) (O(¢) + O(eg(1 +log(1 +7%))?)) + O(er (1 + log(1 +2))?)], (23)



as long as |h| < 1, which is true provided for some § > 0 small enough
¢l <8 er(l+log(1+1%)* <0, (24)

Similarly if ¢ is another function with |¢(r)| < ¢ one has

@) — Br(@)] < 46 216 — 6|+ O(6 = §) (16 + ] + O(ex(1 +log(1 +12)%))] . (25)

We shall now use the contraction mapping theorem to bound ¢;. We restrict our attention
to an interval [0, s;] with s = o(1)e”* and to functions ¢ : [0,s;] — R satisfying ¢(r) <
O(e2)(1 + log(1 + %)), so that (23) and (24) hold for k large enough. With these restrictions
(25) gives ) )

|@k(6) — @1(9)] < (8 +0(1))e*™[) — ¢, (26)
with error o(1) — 0 as k — oo.

By the above computations, nx = no + ew + ¢y, solves (14) if and only if ¢, satisfies

—Agy = Py (or); ¢r(0) =0, ¢}(0) =0.

Setting ¢ = ¢ and 1 = r¢’, the last equation gives the system

¢ =1, _
{0 Tt 00w =00, @0

The solutions of (27) are the fixed point of some integral equation. For technical reasons, it will
be convenient to integrate starting from some value 7" > 0 (to be fixed later) of the r parameter
rather than from r = 0. If we let (27) evolve up to time 7', by the smooth dependence on initial
data then (for ¢ small) the solution will satisfy

|6(r)] < C(T)et, ()] < C(T)egs for r € [0, T, (28)

uniformly in €. Notice that ¢(T) = ¢(T) and ¢(T) = T'¢}.(T).
We consider then the functions

" ds
Fusn(®) =o@+ [ v T =y
Pooan() = 0(T) = [ soi@))is. r=T.
Fixing S = s > T, with s = o(1)e!*, we next define the norms
f(r)
flh= sup |———————|; flle =2 sup |f(r)].
L P =2 sup_ 177

For a large constant C' > 0 to be fixed later, we will work with the following set of functions
Be = {(0.4) + 6= ox(T)| < Cef, 6]z < Cef, (T) = (1), U(T) = Te(T) }

9



We now check next that the map (¢,v) = (Fy (g0, Fo,(¢,p)) sends Bg in itself, for suitable
choices of C and T, and that it is a contraction. In fact, for (¢,v) € B one has that

1~
[P () = &(T)| < 5 Cef(logr —logT),

which implies || Fy (4.4) — ¢(T)[[1 < %C’si, as desired.
Moreover by (23) and (28) one has that

| Fy (6,0 ()] <[¥(T)| + /TT 54?3 [2¢(s) + O(¢(s))(O(¢(s)) + O(ex(1 +log(1 + 5%))?)
+ O(e7(1 + log(1 + 5%))%)] ds
> s(p(s)(1+0(1))  Coe2s(1 4 log(1 + 52))3)
<C(T)e? + S/T 1122 ds + /T . (e

1
00 o2 T ~1
s (C(T)+C ogs)d +C’0€k/ s(1 +(io:gi;_(i2—)i—s ))3 s

ds

<C(T)e: + 9/T e

<e? [C(T) (1 +9 /Too (1:’82)2515)

~ [ slogs * 5(1 4+ log(1 + s2))3
—_— d
+9C/T (1+82)2dS+CO/T (1 + 572 ]

for some fixed Cj independent of C and ej,. Now first choosing 7' > 1 so large that

> slogsds 1
9 —s < =
/T (1+4s2)2 2’

(29)

and then C large enough compared to C(T') and Cjy, we obtain
12,6 ll2 < Cef,

so we are done showing that (Fy ..y, F (..)) maps B in itself.
Let us verify that F is a contraction. We easily estimate for (¢,1), (¢,1) € B

1 -
HFL(WP) - Fl,(J;,J;)HI < §H¢ — 1|l

Using (26) and (29) we also find for k large enough

% sld(s) — 6(s)]
1200y = Fy . ll2 < 9/T Tarep ©

s(1 log T 1
< 9]¢ - <z>|!1/ (O(glis;;?) < 3l =Bl

10



so we have that indeed F' is a contraction. In particular the map (¢, %) = (Fy (4.4), F2,(¢,p)) has

a fixed point inﬁ(@, 1) € Bg, which satisfies (27). Then, by uniqueness for the Cauchy problem,
we have (¢(r),¥(r)) = (¢x(r), @) (1)) for r € [T, S], whence the bounds

A2
br(r) < C(T)er + Ce2(logr —logT),  ¢h(r) < %, for T <r <8 =o(1)el*. (30)

For every k large enough fix now S = s = o(1)e!* such that s; > 2ux. From (28), (30) and
our choice of Ry, we get for k large enough

ne(r) < no(r) —er + (C(T) + Clog 7“)5% <no(r), forr € [Ro,sk| (31)

We shall now prove that

Angdr < —47
Bs,

for k large enough. Indeed we have

4 1 4 1
Bsk B (1+T ) 1+Sk Sk Sk

Sk

From (17) we have

—/ exDwdz = dn(1 + o(1))ey = LT o)
Bs, M

Finally, using (30) and the divergence theorem,

Agpde| = 2msp|¢ ()| = O(e}) = ().

’ B,
Summing up we infer

_ Ampda = 4 — 4m(1+o(1)) N 47 (1 + o(1))

—4
5 5 +O(py, ") > 4r
Bs), Sk i,

for k large enough, by our choice of si. Since A < 0 on all of By, , we infer that
2mrny(r) = Anpdr < Anpdr < —4m < Anodz = 2mrn)(r), 1 € [sg, 1/r].
BT Bsk BT

This, together with (31), completes the proof of (21). O

Proof of Theorem 2 (completed). From (22) it follows that Ay — 0 as kK — oo. Indeed the

: _ 2 r . _ _ 2 . .
function o log )+ vanishes for r = p oY Since up > 0 in By we must have for

—
k large enough pg > 1, hence
4
A< — —0 ask — oo. (32)
H,

11



Set fi := )\kuze“i. We now want to prove
k

lim lim frdx =0,

R—00 k—o00 BI\BRrk

which together with (12), yields the convergence of frdx in (7).
Using the definition of r; and (22) we have for r € [Rory, 1] and k large enough

2 (1) < >< > (Ltur () ) (/)
k

<

) () o ()
() ()

In order to further estimate the right-hand side, we notice that the function

wo =+ (7))

ar >0, ap(0)=0, limoar(t)=0 ap(t)=0&t=1t,:= NG
t—00 T
log (1 + <E> >

Hence ay, < ag(tx) and we conclude

—2log L (14+(r/r1)?)
r? fr(r) < 16 3 (1 + (T)2> , for r > Rogrg, k large,
log? (1 + (+)%) Tk

which can be weakened to

satisfies for any fixed r > 0

log? ( ) r2 fi.(r) < log? (1 + (7;)2)7“2fk(7") <16, for r > Rory, k large.

Finally, it follows from (34) that

1 1
32
lim lim frdz < lim lim 277 fr(r)dr < lim lim 77r2d7‘
R—00 k—00 Bl\BR'rk R—o00 k—o0 Rry, R—o00 k—o0 Rry, T[lOg(T/Tk)]
1
— lm lm |- 2|
R—00 k—00 log(r/mk) | gy,

Then (33) is proven, and as already noticed the first part of (7) follows.
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Integrating by parts we also obtain

HukHip :/ ug(—Aug)dr = / frdx — 47 as k — oo.
0 Bl Bl

Then, up to extracting a subsequence we have up — uc weakly in Hj(Bj) for some function
Uoo € HE(By). Moreover, using that A\, — 0 as k — oo, we get for any L > 0

1 4 1
/ Aupe'kdz < )\k/ upekdx + / frdz < o(1)C(L) + L‘)()j
B {z€B1:uy(x)<L} L {2€B1:ug ()<L} L

with error o(1) — 0 as k — oo. Then, by letting L — oo we infer that Apuge® — 0 in LY(By),
and it follows that for every ¢ € C1(By)

/ (—Aueo)pdz = lim (—Aug)pdr = lim —/\kuke“igodl‘ =0,
By k—o00 B k—o00 By
hence —Aus = 0 in By, i.e. us = 0.

This also implies the convergence of |Vuy|?dz in (7). Indeed, integrating by parts and using
that ux, — 0 in L?(B;) by the compactness of the embedding H}(B;) < L?*(Bj), we have for
any ¢ € C?(B)

A 2 2
/ (V|2 pde = / Mg@dm + frpdr = / %Awdaz +
B B1 B1 By 2

5 frpdx 2/ frpdz + o(1),
By

By

with error o(1) — 0 as k — oo. Hence frdz and |Vuy|*dz have the same weak limit in the sense
of measures.

Now, using uy(1) = 0 and (7) we infer that up — 0 in LS (B \ {0}). Indeed for a fixed
0 € (0,1) and any r € [d, 1] we have by Hoélder’s inequality

1

1 1 1
up(r) = uk(r) —ug(1l) < /6 lup.(p)|dp < HVUkHB(Bl\B(;) (ﬂ log 5) 50 ask— oo

Then by elliptic estimates u;, — 0 in CL_(B1 \ {0}). This completes the proof of Theorem 2. [J

3 Proof of Theorem 1
Given p, A > 0 let @, € C°>°([0,T},,5)) be the solution to the ODE

0%u 19w o —
—5m g =N, a0)=p T(0)=0, (36)

where [0,7),5), is the maximal interval of existence for (36) (in fact 7}, x = oo, but we will not
prove this). Then u, x(x) := U, x(|z]) satisfies

2
u .
—Auyx = Auy e in By, |, uu A (0) = p.
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Set
7(p) :=inf{r € (0,7, 1] : Gy (r) = 0}.

We claim that 7(u) < oo for every p > 0. To see this, fix rg € (0,7(x)). Then for r € [ro, 7(u)]
the divergence theorem yields

1 1 €
—
u,1(r) = — Auypde < — Auypde < ——
/",1< ) A /%T w1 = 2mr B,,,O w1 T’
for some positive €. The claim easily follows from standard comparison arguments.
Now notice that, for any A\, \' > 0

A/
w1 37) = T (),

and for every p > 0 set uy, 1=y, r2(,) = Uy »,, where A, 1= 72(u). Then 7, is positive in [0,1),
it solves (36) with A = A, and %,(1) = 0. By ODE theory the function ® : p + (9,1 belongs
to C°((0,00), C%([0,1])).

Now given A > 0 every non-negative critical point of E|js, is smooth and satisfies

—Au=Aue” in By, u=0ondB, (37)

for some A > 0. By [14, Theorem 1] we have that wu is radially symmetric, i.e. we can write
u(z) = u(|x|), where u satisfies (36) with u = u(0) and the additional condition that @ > 0 on
[0,1) and w(1) = 0. This is possible only if @ = uw,. Hence we have proven that every solution
0 <wu #0 of (37) is of the form u(x) = u, () := u,u(|z|) for some p > 0. Define

E(n) = llunllfpy sy A = es(lép)é’(u)-
o ,00

We claim that A* < co. Indeed £ is continuous and it is clear that uy, — 0 smoothly as u | 0,
hence lim, g E(1) = 0. Moreover Theorem 2 gives lim, o, £(pt) = 4, hence by continuity
A¥ < co. This completes the proof of Part (i) of the theorem. By Theorem 1.7 in [26] it follows
that Af > 47, and Parts (ii) and (iii) follow at once from the continuity of &. O
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